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Desiderata of Representations
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data
x

task
y

representation
z

nuisances
n

y = x

(compression, auto encoding, prediction); encompasses supervised, un-supervised, self-supervised, semi-supervised…



• Sufficient (for the task)


• Invariant (to nuisances)


• Minimal

!4

data
x

task
y

representation
z

nuisances
n

I(y; z) = I(y;x)

n ? y ) I(n; z) = 0

I(x; z) = minimal

Desiderata of Representations



A Variational Principle?

• Sufficient (for the task)


• Invariant (to nuisances)


• Minimal (information)


• Easy to work with?
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data
x

task
y

representation
z

nuisances
n

I(y; z) = I(y;x)

min
q(z|x)

L .
= H

p,q

(y|z) + �I(z;x)min
q(z|x)

L .

= �I(y; z) + �I(z;x)

[Tishby-Bialek-Pereira ’99]

Information Bottleneck (IB)

I(z;x) = smallest



• Claim:    is sufficient,    a nuisance; then 


• and there exists a nuisance for which equality holds

!6

z n

I(z;n)  I(z;x)� I(x; y)

invariance minimality constant

A. Achille and S. Soatto, On the Emergence of Invariance and Disentangling in Deep Representations; JMLR 2018; ArXiv:1706.01350

A Variational Principle?



Examples
• Nuisances have a group structure: Maximal Invariance 

• Localization (SLAM) 

• Diffeo/homeomorphisms of the domain and range of an image:  

• General viewpoint and illumination invariants (Attributed Reeb Trees) [Sundaramoorthi, 
Varadarajan, etc.] 2005-2009


• Local affine domain & range transformations:  

• DSP-SIFT [Dong] 2011-2015


• Non-invertible nuisances:  

• Occlusions, Scale… Give up on Maximal Invariance
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This Information Bottleneck 
is wishful thinking

• The task is a function of (test) data we have not yet seen!


• The Information Bottleneck is a statement of desire
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z ⇠ p(z|x)

min
q(z|x)

L .
= H

p,q

(y|z) + �I(z;x)

A. Saxe et al., On the Information Bottleneck Theory of Deep Learning, ICLR 2018



!9

dataset model
D wqw(y|x) �! p(y|x)

qw(y|x) = argminHp,q(D|w)

{xi, yi} ⇠ p

SGD

GSD

Desiderata of Deep Learning

generalization
Ltest(qw(y|x)) 

1

N(1� 1/2�)
[Hp,q(D|w) + �KL(q(w|D)||p(w))]

.

=

NX

i=1

� log qw(yi|xi)+�I(D;w)

i = 1, . . . , N

PAC-Bayes bound (Catoni, 2008; McAllester, 2013)

+�I(D;w){
Empirical Cross-Entropy?
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dataset model
D qw(y|x) �! p(y|x)

{xi, yi} ⇠ p

The Information Lagrangian

Ltest(qw(y|x)) 
1

N(1� 1/2�)
[Hp,q(D|w) + �KL(q(w|D)||p(w))]

i = 1, . . . , N

min
q(z|x)

L .
= H

p,q

(y|z) + �I(z;x)

Hp,q(D|w) + �I(D; p(w))LN (w)
.
=

Past data (training set)

Future data (test sample)

?



A few questions (preview)

• What is the relation between the two bottlenecks?


• What “information”? the weights are fixed, and there is only one dataset!


• What is the “prior”? and the “posterior”?


• The second term of the Information Lagrangian is not there in practice!



Measuring Information by Adding Noise
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Idea: We can estimate the amount of information contained in the weights by corrupting 
them with noise and measuring the decrease in performance.

C. Shannon, Prediction and Entropy of Printed English, Bell System Technical Journal, 1951

Example: Shannon (1951) estimates the information content of the English language by 
corrupting random letters and measuring the reconstruction error of English speakers.

“Thif is a vevy moisy party” → “This is a very noisy party”

Prediction and Entropy of Printed
By C. E. SHANNON

(Manuscript &ceiDcd Sept. IS, I950)

A Dew method of estimating the entropy and redundancy of a language is
described. This method exploits the knowledge of the language statistics pos-
sessed by those who speak the language, and depends on experimental results
in prediction of the next letter when the preceding text is known. Results of
experiments in prediction are given, and some properties of an ideal predictor are
developed.

1. INTRODUCTION

I N A previous paper! the entropy and redundancy of a language have
been defined. The entropy is a statistical parameter which measures,

in a certain sense, how much infonnation is produced on the average for
each letter of a text in the language. If the language is translated into binary
digits (0 or 1) in the most efficient way, the entropy H is the average number
of binary digits required per letter of the original language. The redundancy,
on the other hand, measures the amount of constraint imposed on a text in
the language_ due to its statistical structure, e.g., in English thehigh fre-
quency of the letter E, the strong tendency of H to follow T or of U to follow
Q: It was estimated that when statistical effects extending over not more
than eight letters are considered the entropy is roughly 2.3 bits per letter,
the redundancy about 50 per cent.
Since then a new method has been found for estimating· these quantIties,

which is more sensitive and takes account of long range statistics, iniluences
extending over phrases, sentences, etc. This method is based on a study of
the predictability of English; how well can the next letter of a text be pre-
dicted when the preceding .1\7 letters are known. The results of some experi-
ments in prediction will be given, and a theoretical analysis of some of the
properties of ideal prediction. By combining the experimental and theoreti-
cal results it is possible to estimate upper and lower bounds for the entropy
and redundancy. From this analysis it appears that, in ordinary literary
English; the long range statistical effects (up to 100 letters) reduce the
entropy to somethiD.g of the order of one bit per letter, with a corresponding
redundancy of roughly 75%. The redundancy may be still higher when
structure extending over paragraphs, chapters, etc: is included. However, as
the lengths involved ate 4J.creased, the parameters in question become more

1 C. E. Shannon, <lA Mathematical Theory of Communication," Bdt S;'stem Tedmical
Journal, v. 27, pp. 379-423, 623-656, July, October, 1948.

PREDICTION AN

erratic and uncertain, and t:
involved.

2. ENTROPY CALCULA

One method of calculatine
Fo, F I , F 2 , ••• , which sue
of the language into accoun
the entropy; it mea
to statistics extending over _

FH = -LP(b,
i,j

-:-L pCb,

in which: bi is a block of A
j is an arbitrary
pCb, ,j) is the pr
poJj) is the cone

and is E
The equation (1) can be

(conditional entropy) of th
known. As N is increased;
and the entropy, H, is givt

The N-gram entropies 1
standard tables of letter,
punctuation are ignored Vi

be taken (by definition) to
frequencies and is given t

"F , =-L
i=l .

The digram approximatio

F, - p(i

7.70 - 4.
2: Fletcher Pratt, "Secret a·

Ii
;;

L(w) = Hp,q(D|w) + � KL(q(w |D) k p(w))
<latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit>
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L(w) = Hp,q(D|w) + � KL(q(w |D) k p(w))
<latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit>

fixed prioroutput of training

A. Achille et al., The Information Complexity of Learning Tasks, their Structure and their Distance, ArXiv 2019
H. Li et al., Visualizing the Loss Landscape of Neural Nets, ICLR 2018

Fisher Information: Gaussian prior

⇒ Implicitly minimized by SGD

F = curvature of loss 
landscapeKL =

kwk2

�2
+ log |2�2NF + I|

<latexit sha1_base64="i+hZgQzq41BRFUrePu8XRqY96bc="></latexit><latexit sha1_base64="i+hZgQzq41BRFUrePu8XRqY96bc="></latexit><latexit sha1_base64="i+hZgQzq41BRFUrePu8XRqY96bc="></latexit><latexit sha1_base64="i+hZgQzq41BRFUrePu8XRqY96bc="></latexit>

Lo
ss

Weight configuration

Sharp minima Flat minimum

The Information in a Deep Neural Network

* Hochreiter and Schmidhuber, Flat Minima, Neural Computation ,1997

Shannon Information: adapted prior p(w) := ED[q(w |D)]
<latexit sha1_base64="BElT0xNoaDY1VPzy38twwxc4aRw="></latexit><latexit sha1_base64="BElT0xNoaDY1VPzy38twwxc4aRw="></latexit><latexit sha1_base64="BElT0xNoaDY1VPzy38twwxc4aRw="></latexit><latexit sha1_base64="BElT0xNoaDY1VPzy38twwxc4aRw="></latexit>

ED[KL] = I(w ;D)
<latexit sha1_base64="cHixmDngW53NgNUg1Pf3aoMeF2A="></latexit><latexit sha1_base64="cHixmDngW53NgNUg1Pf3aoMeF2A="></latexit><latexit sha1_base64="cHixmDngW53NgNUg1Pf3aoMeF2A="></latexit><latexit sha1_base64="cHixmDngW53NgNUg1Pf3aoMeF2A="></latexit>

https://arxiv.org/abs/1904.03292


A few questions (preview)

• The second term of the Information Lagrangian is not there in practice!


• (inductive bias of SGD)


• Now that we can compute the Info in the                                          
Weights, what does it look like as we learn?


• (critical learning periods in deep networks)

L(w) = Hp,q(D|w) + � KL(q(w |D) k p(w))
<latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit><latexit sha1_base64="6i8XzKlj6XP/3l19n2sKsSZ7OzE="></latexit>
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Relation between Fisher and Shannon
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SGD minimizes the Fisher Information of the Weights. However, generalization is 
governed by the Shannon Information.

Proposition. Assuming the dataset is parametrized in a differentiable way, we have:

Where w* = w*(D) is the result of running SGD on dataset D and F(w) is the Fisher 
Information Matrix in w.

I(w ;D) ⇡ H(D)� ED
h
log

⇣
(2⇡e)k

|rDw ⇤ F (w ⇤) rDw ⇤T |

⌘i

<latexit sha1_base64="7HEzsngsbTWoQ+Z17ANv70cLV04="></latexit><latexit sha1_base64="7HEzsngsbTWoQ+Z17ANv70cLV04="></latexit><latexit sha1_base64="7HEzsngsbTWoQ+Z17ANv70cLV04="></latexit><latexit sha1_base64="7HEzsngsbTWoQ+Z17ANv70cLV04="></latexit>

A. and Soatto, Where is the Information in a Deep Network?, 2018



Emergence Bound: Simple weights → simple activations
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A. and Soatto, Emergence of Invariance and Disentanglement in Deep Representations, JMLR 2018
A.  and Soatto, Where is the Information in a Deep Neural Network?, 2019

Theorem (Emergence Bound): Let z = fw(x) be a layer of a network. To first-order, the 
effective information in the activations is:

where F(w) is the Fisher Information of the weights, Jf is the Jacobian of fw w.r.t. w.

I (x ; z) ⇡ H(x)� log
⇣

(2⇡e)k

|r
x

f
w

(x)t Jt
f

F (w) J
f

r
x

f
w

(x)|

⌘

<latexit sha1_base64="V/ij1ZPg5tFKv3GC8qR8skSVN2c="></latexit><latexit sha1_base64="V/ij1ZPg5tFKv3GC8qR8skSVN2c="></latexit><latexit sha1_base64="V/ij1ZPg5tFKv3GC8qR8skSVN2c="></latexit><latexit sha1_base64="V/ij1ZPg5tFKv3GC8qR8skSVN2c="></latexit>

Let z = fw(x) be a layer of a network, and let zn be the representation obtained by 
adding noise to the weights. We define the effective information as Ieff (x; z) = I(x; zn)

Information in activations

Fisher of Weights
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Two Bottlenecks

min
q(z|x)

L .
= H

p,q

(y|z) + �I(z;x)

LN (w)
.
=

dataset weights real distribution
D

p(y|x)

data activations label
Invariance


Activations

Future

Generalization

Weights


Past

�17

Information Bottleneck

Information 

Lagrangian

w

x z y

Hp,q(D|w) + �KL(q(w|D)||p(w))
WHERE IS THE INFORMATION?  

WHAT PRIORS? WHAT POSTERIOR?

ANY RELATION BETWEEN THESE TWO?



{ }, (car,  horse, deer, …)Training Set

Test Image

Weights

Minimal Invariant

Representation



Emergence Bound

• A sufficient representation that minimizes the information the weights 
contain about past data, maximizes invariance of the representation of 
future  data. 

• Pertains to the combination of DNNs (sufficient capacity to overfit) 
and SGD (inductive bias)
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Phase transition

𝛽 < 1 ⇒ overfitting

𝛽 > 1 ⇒ underfitting

𝛽 < 1 ⇒ overfitting

𝛽 >> 1 ⇒ underfitting

fitting

Using the regularized loss:

10�2 10�1 100 101 102

Value of �

0%

20%

40%

60%

80%

100%

T
ra

in
er

ro
r

All-CNN

ResNet

Small AlexNet

Achille and Soatto, Emergence of Invariance and Disentanglement in Deep Representations, JMLR 2018

Phase transition

L(w) = Hp,q(D|w) + �KL(q(w |D)kp(w))

For random labels there is a transition between over- and under-fitting at β = 1.
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What’s next?

1. This addresses what is an optimal representation for a given task


2. Even an optimal representation may be useless (garbage-in/garbage-out)


3. What if the task is not known ahead of time?


4. When are two tasks close? What is the distance between two tasks?


5. Can one predict if a model pre-trained on a task will perform well on another?



A Topology on the Space of Tasks
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Distance between tasks: 

d(𝒟1 → 𝒟2) = I(𝒟1𝒟2; w) − I(𝒟1; w)
Complexity of 

learning together
Complexity of 
learning one

A., Paolini, Mbeng, Soatto, The Information Complexity of Learning Tasks, their Structure and their Distance, 2019

Notice that this is an asymmetric distance

https://arxiv.org/abs/1904.03292


�23

A Topology on the Space of Tasks

Kolmogorov (asymmetric) distance between tasks: 

d(D1 ! D2) = K(D2|D1)
<latexit sha1_base64="B5vDG0L907x/vKwl5t4+gSWNz4s="></latexit><latexit sha1_base64="B5vDG0L907x/vKwl5t4+gSWNz4s="></latexit><latexit sha1_base64="B5vDG0L907x/vKwl5t4+gSWNz4s="></latexit><latexit sha1_base64="B5vDG0L907x/vKwl5t4+gSWNz4s="></latexit>

How much more structure do we need to learn?

Difficult task to easy task

Easy task to difficult task

Similar tasks cluster together
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MNIST
Fashion MNIST

SVHN

CIFAR-10
ImageNet

KITTI



TASK2VEC: Embedding tasks in a metric space 
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Recovers species taxonomy on iNaturalist

Task Embeddings Domain Embeddings

Actinopterygii (n)

Amphibia (n)

Arachnida (n)

Aves (n)

Fungi (n)

Insecta (n)

Mammalia (n)

Mollusca (n)

Plantae (n)

Protozoa (n)

Reptilia (n)

Category (m)

Color (m)

Gender (m)

Material (m)

Neckline (m)

Pants (m)

Pattern (m)

Shoes (m)

Task Embeddings Domain Embeddings

Actinopterygii (n)

Amphibia (n)

Arachnida (n)

Aves (n)

Fungi (n)

Insecta (n)

Mammalia (n)

Mollusca (n)

Plantae (n)

Protozoa (n)

Reptilia (n)

Category (m)

Color (m)

Gender (m)

Material (m)

Neckline (m)

Pants (m)

Pattern (m)

Shoes (m)

Recovers a meaningful topology on 
hundred of tasks

A. et al., TASK2VEC: Task embedding for meta-learning, 2019



Proposing an optimal expert for the task
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736
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741
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744
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ICCV
#5171

ICCV
#5171

ICCV 2019 Submission #5171. CONFIDENTIAL REVIEW COPY. DO NOT DISTRIBUTE.

Figure 3: TASK2VEC often selects the best available experts. Violin plot of the test error distribution (shaded) on tasks
from the CUB-200 dataset (columns) obtained by training a linear classifier over several expert feature extractors (points).
Most specialized feature extractors perform similarly on a given task, and similar or worse than a generic feature extractor
pre-trained on ImageNet (blue triangles). However, in some cases a carefully chosen expert, trained on a related task, can
greatly outperform all others (long lower whiskers). The model selection algorithm based on TASK2VEC can predict an
expert to use for the task (red cross, lower is better) and often recommends the optimal, or near optimal, feature extractor
without performing an expensive brute-force training and evaluation over all available experts. Columns are ordered by norm
of the task embedding vector. Tasks with lower embedding norm have lower error and more “complex” task (task with higher
embedding norm) tend to benefit more from a specialized expert.

sults: Tasks that are correlated in the dataset, such as binary
classes corresponding to the same categorical attribute, may
end up far away from each other and close to other tasks that
are semantically more similar (e.g., the jeans category task
is close to the ripped attribute and the denim material). In
the visualization, this non-trivial grouping is reflected in the
mixture of colors of semantically related nearby tasks.

We also compare the TASK2VEC embedding with a do-
main embedding baseline, which only exploits the input
distribution p(x) rather than the task distribution p(x, y).
While some tasks are highly correlated with their domain
(e.g., tasks from iNaturalist), other tasks differ only on the
labels (e.g., all the attribute tasks of iMaterialist, which
share the same clothes domain). Accordingly, the domain
embedding recovers similar clusters on iNaturalist. How-
ever, on iMaterialst domain embedding collapses all tasks
to a single uninformative cluster (not a single point due to
slight noise in embedding computation).

Task Embedding encodes task difficulty. The scatter-plot
in Fig. 3 compares the norm of embedding vectors vs. per-
formance of the best expert (or task specific model for cases
where we have the diagonal computed). As suggested by
the analysis for the two-layer model, the norm of the task
embedding also correlates with the complexity of the task
on real tasks and architectures.

4.2. Model Selection

Given a task, our aim is to select an expert feature extrac-
tor that maximizes the classification performance on that
task. We propose two strategies: (1) embed the task and
select the feature extractor trained on the most similar task,
and (2) jointly embed the models and tasks, and select a
model using the learned metric (see Section 3.4). Notice
that (1) does not use knowledge of the model performance
on various tasks, which makes it more widely applicable
but requires we know what task a model was trained for and
may ignore the fact that models trained on slightly differ-
ent tasks may still provide an overall better feature extrac-
tor (for example by over-fitting less to the task they were
trained on).

In Table 1 we compare the overall results of the various
proposed metrics on the model selection meta-tasks. On
both the iNat+CUB and Mixed meta-tasks, the Asymmetric
TASK2VEC model selection is close to the ground-truth op-
timal, and significantly improves over both chance, and over
using an generic ImageNet expert. Notice that our method
has O(1) complexity, while searching over a collection of
N experts is O(N).
Error distribution. In Fig. 3, we show in detail the error
distribution of the experts on multiple tasks. It is interest-
ing to observe that the classification error obtained using
most experts clusters around some mean value, and little
improvement is observed over using a generic expert. On

7

Allows to select the best expert to solve a task and substantially reduce error and 
training time.
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A snag: Critical Periods

Two almost identical tasks, yet it is not possible to fine-tune from one to the 
other.

Excursus: Critical Periods for learning

Follow-up: Task reachability. Complexity is physical.
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Critical periods

Critical periods: A time-period in early development where sensory deficits can 
permanently impair the acquisition of a skill

Examples: monocular deprivation, cataracts, imprinting, language acquisition

Deficit Normal training

0 180 + NN

Kitten does not recover 
vision in covered eye

Image from Cnops et al., 2008

Hubel and Wiesel



�29

Critical periods in Deep Networks

Achille, Rovere, Soatto, Critical Learning Periods in Deep Networks, 2018

Deficit Normal training

0 160+NN

Show network blurred 
images to simulate cataract

The network does not classify correctly if 
the deficit is removed to late

A short deficit at epoch ~40 is enough to 
permanently damage the network!
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Critical learning periods and Information in Weights

Achille, Rovere, Soatto, Critical Learning Periods in Deep Networks, 2018

Sensitivity to deficits peaks when network is absorbing information.

Is minimal when the network is consolidating information.
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Solutions Move after Critical Periods

The moving is not for the better; does not affect performance.

A Details of the Experiments375

We use the standard ResNet-18 architecture [11] in all the experiments, stated unless otherwise. We376

train all the networks using SGD (momentum = 0.9) with a batch-size of 128 for 200 epochs, except377

when regularization is applied late during the training, where we train for an extra 50 epochs, to378

ensure the convergence of the networks. For experiments with ResNet-18, we use an initial learning379

rate of 0.1, with learning rate decay factor of 0.97 per epoch and a weight decay coefficient of 0.0005.380

In the piece-wise constant learning rate experiment, we use an initial learning rate of 0.1 and decay it381

by a factor of 0.1 every 60 epochs. While in the constant learning experiment we fix it to 0.001. For382

the All-CNN [31] experiments, we use an initial learning rate of 0.05 with a weight decay coefficient383

of 0.001 and a learning rate decay of 0.97 per epoch. For All-CNN, we do not use dropout and instead384

we add Batch-Normalization to all layers.385

A.1 Path Plotting386

We follow the method proposed by [23] to plot the training trajectories of the DNNs for varying387

duration of regularization (Figure 2 A). More precisely, we combine the weights of the network388

(stored at regular intervals during the training) for different duration of regularization into a single389

matrix M and then project them on the first two principal components of M .390

Figure 6: PCA-projection of the training paths for All-CNN on CIFAR-10.

B Additional Experiments391

Figure 7: Trace of FIM as a function of training epochs for delayed and sliding window application
of weight decay for ResNet-18 on CIFAR-10.

11
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High-level deficits do not have a critical period

Achille, Rovere, Soatto, Critical Learning Periods in Deep Networks, 2018
Picture from “The world is upside down” — The Innsbruck Goggle Experiments of Theodor Erismann and Ivo Kohler, Sachse et al.

Deficits that only change high-level statistics of the data do not show 
a critical period.

was perfectly correct. For example, a participant drew a
picture in a quality as if drawn without wearing reversing
spectacles.

After taking off the glasses, however, participants saw the
whole world upside down, a distortion “in the opposite di-
rection” (negative after-effect), but the reversed vision only

lasted a few minutes.
“The top-bottom perspectives of vision only emerge in

constant interaction with experiences of the other senses
(particularly the tactile sense and muscle sense). Therefore,
the position of the retinal image in the background of the eye
is only significant as long as older experiences from the past
continue to have an effect. In the experiment, they are
reduced step by step and are, via a stage of ‘ambiguous top-
bottom perspective’, connected in a new way with the new
visual impressions” (Kohler, 1951b, p. 33). The studies show
that first, movement behavior returns to normal, and only

then is followed by perception. Successful adaptations to a
changed world of perception require a person's active explo-
ration of and interaction with their environment (Hommel &
Nattkemper, 2011; Kohler, 1951b).

It was always due to Erismann's initiative, verve, experi-
ence, and scientific curiosity thatmore andmore students and

associates were ready to help with new long-term studies

with those special goggles, committing themselves for weeks
or even months. (For example, Kohler wore binocular
reversing spectacles for 24 h a day over a period of 124 days
from November 1946 until March 1947; this was probably
unique within psychological research, cf. Kohler, 1951a, 1964).

The Innsbruck Goggle Experiments were progressive also
in terms of their methodology. By means of the long-term
studies, the Innsbruck department left the lab and investi-
gated various processes and effects in the realm of percep-
tion psychology in the field, that is, under ecologically valid
conditions. Various activities, such as watching a movie or a

circus performance, going to a tavern, after a few days even
bike, motor bike, and going on ski tours, were naturally part
of the studies of the goggle-wearing participants (Figs. 5 and
6). Part of the results were not only subjective data from
self-observation and peer-observation, but also data from
quantitative measures of adaptation performance in
everyday life.

Because of World War II, important results of the Inns-
bruck Goggle Experiments on the topic of “Emergent Percep-
tion” ewhich was the title of a presentation of Erismann 1947
in Bonn (orig. “Werden der Wahrnehmung”; additionally

published as a conference report of the Society of German
Psychologists, DGPs)e could only be publishedwith a delay. In
1948, at the XII. International Congress of Psychology in
Edinburgh, Kohler had the opportunity to open up research
contacts to the English-speaking field of psychology (cf.
Kohler, 1950). The publication of Kohler's habilitation thesis
“On the composition and transition of the world of percep-
tion” (1951a; orig. “Über Aufbau und Wandlungen derFig. 4 e Reversing spectacles by Erismann from 1947; a

metal mirror enables reversing beams concerning top-
bottom orientation.

Fig. 5 e Participant with prismatic goggles (top/bottom) in
Innsbruck (Austria).
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High-level deficits do not 
exhibit a critical period

Low-level deficit exhibit a 
critical period
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Information is physical

Idea: When using SGD, the Fisher Information 
adds a drag term controlled by the batch size

V
eff

= U
|{z}

Real loss

+

k

B
log |F |

| {z }
Drag term

How can the Fisher Information affect the learning dynamics?

SGD MINIMIZES THE FISHER INFORMATION OF THE WIGHTS 
(INDUCTIVE BIAS OF SGD)
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A path-integral approximation

p(w(t)|w0, t0) = e
1
D

R
L
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1) Approximate SGD with gradient descent + white noise. Use MSR formalism to obtain 
probability of following a path w(t):

2) Assume most path are perturbations of distinct “critical” paths:

3) Approximate the loss function quadratically along critical paths, and integrate out the 
perturbations to find total probability of crossing bottleneck:

p(wf , tf |w0, t0) = e��L(w;D)

Z wf

w0

e�
1

2D

R tf
t0

1
2 u̇(t)

2+V (u(t))dtdu(t)
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Static part Dynamic part
Depends only on the IBL at 
initial point and final point

Depends on the existence of 
likely path between the two

SGD EFFECTIVELY MINIMIZES 
THE IBL FOR THE WEIGHTS

Achille, Mbeng, Soatto, Dynamics of learning, arXiv 2018
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p(wf , tf |w0, t0) = e��L(w;D)

Z wf

w0

e�
1

2D

R tf
t0

1
2 u̇(t)

2+V (u(t))dtdu(t)
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Static part Dynamic part

Information Lagrangian Critical Periods

Reachability

SGD EFFECTIVELY MINIMIZES 
THE IBL FOR THE WEIGHTS

Achille, Mbeng, Soatto, The Dynamic Distance Between Tasks, NeurIPS Workshop 2018

Path Integral Approximation and Task Reachability



Information Plasticity in Deep Networks
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High-level deficit do not change 
layer organization

Introducing a blur deficit 
changes layer organization

A., Rovere, Soatto, Critical Learning Periods in Deep Networks, 2018
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Summary

1. Emergence Theory addresses optimal representations for a given task.


2. Tasks live in a complex space, where “distances” depend not just on the 
geometry of the residual landscape (static component), but also on the 
direction of travel (asymmetric distance).


3. Critical Periods expose the importance of the transient of learning; introduced 
the notion of “Information Plasticity”


4. Learning Dynamics: Tasks may or may not be reachable depending on the 
dynamics of learning. Dynamic distance between tasks and reachability.



references
• A. Achille & Ss: On the Emergence of Invariance and Disentanglement in Deep 

Representations, JMLR 2018


• A. Achille & Ss: Information Dropout, PAMI 2018


• A. Achille & Ss: A Separation Principle for Control in the Age of Deep Learning, 
Annual Reviews, 2018 (also ArXiv)


• A. Achille, et al: Critical Learning Periods in Deep Neural Networks, ICLR 2019


• A. Achille et al: Where is the Information in a Deep Neural Network? ArXiv 2019

!38


